Abstract. We prove that every pseudocompact space that admits a weak selection is sequentially compact.
Introduction
Throughout this paper all the spaces will be Tychonoff. If X is a space, F (X) denotes the set of all nonempty closed subsets of X, and F 2 (X) = {A ∈ F(X) : |A| ≤ 2}. The Vietoris Topology on F 2 (X) is generated by the sets of the form V, U = {A ∈ F 2 (X) : A ⊆ V ∪ U and A ∩ V = ∅ = A ∩ U }, where V and U are nonempty open subsets of X. A weak selection on X is a continuous function f :
In [3] , the authors proved that Ψ-spaces do not admit a weak selection. Years before, E. K. van Douwen [2] proved that every countably compact space with a weak selection is sequentially compact (see also [3] ). In this paper, we show that countable compactness can be replaced by pseudocompactness. Our main result solves Problems 5.1 and 5.2 from [1] . J. van Mill and E. Wattel [4] proved that a compact space X has a weak selection iff it is orderable. On the other hand, in [ The authors thank J. Pelant for his useful comments and suggestions regarding the first draft of this note.
The result
Lemma 2.1. Let X be a pseudocompact space with a weak selection f :
S. GARCIA-FERREIRA AND M. SANCHIS
Proof. Since X is pseudocompact, the family {V n : n < ω} has at least an accumulation point in X. Suppose that x, y ∈ X are two accumulation points of {V n : n < ω}. Without loss of generality we may assume that f ({x, y}) = x. Let V ∈ N (x) and U ∈ N (y) such that
Choose n, m < ω so that n < m and there are a ∈ V n ∩ U and b ∈ V m ∩ V . Then, we have that f ({a, b}) = a by the hypothesis, and f ({a, b}) = b by clause ii, but this is impossible. Therefore, {V n : n < ω} has only one accumulation point z ∈ X. Now, assume that there is W ∈ N (z) such that A = {n < ω : V n \ W = ∅} is infinite. Then, by the pseudocompactness of X, the family {V n \ W : n ∈ A} has an accumulation point in X which is different from z, but this is a contradiction. Thus, V n → z, as we desire. Lemma 2.2. Let X be a pseudocompact space which admits a weak selection f : Proof. By the pseudocompactness of X, if the family {V n : n < ω} has only one accumulation point in X, then it converges to some point of X. Suppose that {V n : n < ω} has at least two accumulation points. Then, we can find two disjoint open subsets P 0 and Q 0 of X such that P 0 ∩ Q 0 = ∅, f [ P 0 , Q 0 ] ⊆ P 0 and both sets A 0 = {k < ω : P 0 ∩ V k = ∅} and B 0 = {k < ω : Q 0 ∩ V k = ∅} are infinite sets. By induction and assuming at every stage that the family of open sets in turn has at least two accumulation points, for every n < ω, we can define two disjoint nonempty open subsets P n and Q n of X such that 1. f [ P n , Q n ] ⊆ P n for every n < ω; and 2. the sets A n = {k ∈ B n−1 :
Now, for each i < ω we pick n i ∈ A i so that n i−1 < n i for every 1 ≤ i < ω, and for each i < ω we put
Theorem 2.3. If X is a pseudocompact space with a weak selection f :
Proof. Let Y be a pseudocompact space, and let {V n × U n : n < ω} be a countable family of pairwise disjoint basic nonempty open subsets of X × Y . We may assume that {V n : n < ω} is pairwise disjoint. By Lemma 2.2, there are a sequence (W i ) i<ω of nonempty open subsets of X converging to a point x ∈ X, and a strictly increasing sequence (n i ) i<ω of positive integers such that W i ⊆ V ni for each i < ω. By the hypothesis, the family {U ni : i < ω} has an accumulation point in Y , say y. Then, (x, y) is an accumulation point of {V ni × U ni : i < ω}. So, X × Y is pseudocompact.
Since there are compact spaces which do not admit weak selections (for instance, β(ω) does not admit weak selection by Lemma 2.2), the converse of Theorem 2.3 is not true.
A direct consequence of Theorem 2.3 and the Theorems from [1] and [5] which were mentioned in the Introduction is the following. Corollary 2.4. Every pseudocompact space that admits a weak selection is sequentially compact.
